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Abstract
Using the long wave perturbation scheme(gradient expansion), the eect
of inhomogeneity on the inationary phase is investigated. We solved the
perturbation equation of which source term comes from inhomogeneity of a
scalar eld and a seed metric. The result indicates that sub-horizon scale
inhomogeneity strongly aects the onset of ination.
I. INTRODUCTION
Dynamics of inhomogeneity plays an important role in many phenomena in general rela-
tivity. Generality of ination is one of such a problem. To explain the present our universe,
we must have an inationary phase in past. But as we do not know the initial condition
of universe, we hope that universe can enter inationary phase from wide range of initial
condition. For homogeneous closed universe, the universe cannot enter inationary phase if
the initial curvature is too large [1,2]. For inhomogeneous universe, the eect of strong(non-
linear) initial inhomogeneity is studied for space-time with symmetry by numerical method
[7]. These result indicate that sub-horizon scale inhomogeneity strongly prevent the on-
set of inationary phase. But imposing symmetry to space-time may lose general feature
of dynamics of inhomogeneity. We want to know about more general situation without
symmetry using appropriate approximation that include non-linear eect. Gradient expan-
sion(GE) [3{6] is one of such a method. This approximation scheme expands the Einstein
1
equation by the number of the spatial gradient. As the background solution, we have an
inhomogeneous space-time that does not include the eect of a spatial curvature. We can
include the curvature by calculating next order. This method describes a long-wave non-
linear perturbation and it is suitable to applying to the inationary universe. Furthermore,
we can treat non-linear eect without imposing any symmetry for a space-time.
In this paper, we treat Einstein gravity with a minimally coupled scalar eld by GE. Our
purpose is to observe the eect of large scale inhomogeneity on inationary phase. Especially,
we are interested in how the onset of ination is aected by the initial inhomogeneity.
This paper is organized as follows. In Sec.II, we shortly review GE approximation using
Hamilton-Jacobi method. We derive the second order equation of motion that include the
scalar eld inhomogeneity. In Sec.III, we obtain the solution for the inationary phase and
discuss the eect of inhomogeneity on ination. Sec.IV is devoted to summary.
II. EQUATION OF MOTION BY H-J METHOD
We follow the method of Salopek [5] and derive the second order equation of motion of



























































where  = 8G. These two equations are Hamiltonian constraint and momentumconstraint,
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The form of generating functional S
(0;2)

























where ; represents spatial covariant derivative associated with 
ij
. This form of generating
functional satises momentumconstraint strongly provided that parameter elds(integration
constant of H-J equation) are spatially constant.








































































































































. We have two equations for K, but it can be shown that the second equation
automatically satises the third one. So they are consistent.
Now the evolution equation that is accurate to the second order spatial gradient becomes

















































































































gration constant that depends only on spatial coordinate, and a scale factor A depends on
spatial coordinate through . We can rewrite above equations (6), (7) using t
0
and covariant
derivative associated with a seed metric h
ij


























































means covariant derivative associate with h
ij





















































































































































We consider the perturbation due to the second order spatial gradient. By linearizing























































































These terms represent non-linear inhomogeneity due to the seed metric h
ij
and the zeroth
order matter eld (t  t
0
















where we have chosen the integration constant such as (t
i











































III. SOLUTION IN THE INFLATIONARY PHASE









































































































































































approaches a constant value and 
_










































  0: (21)









































The metric that is not proportional to h
ij
approaches to constant values in a Hubble time
scale. GE is correct if j
0






































They are well satised during ination provided that they are satised at onset of ination
because the quantities in the left hand side of the condition decrease in time during ination.
Therefore the expression of perturbation (21), (22) are correct in whole time of ination.
A. Eect of the spatial curvature on ination
We investigate the eect of the curvature inhomogeneity. For this purpose, let us consider




















































































at t = t
f




) < 0 becomes smaller than one
for R(
(0)
) = 0 and larger for R(
(0)
) > 0. This implies that the negative R(
(0)
) enhances
and the positive R(
(0)
) suppresses inatinary phase. Especially if R(
(0)






, the co-moving Hubble radius goes to innity at t = t
i
and ination may
not occur. Of course we cannot apply GE to such a regime because the condition (23) is
violated. But we extrapolate the behavior for small jRj and predict the behavior for large












. If the scale of curvature inhomogeneity is larger than this scale,
ination may occur. But the scale is smaller than this value, we may not have ination.
This result is consistent with the result of the calculation of numerical relativity [7].





































where N is the e-folding for R(
(0)
) = 0. Positive R makes e-folding shorter and negative
R makes it longer than R = 0 case. This also indicates that positive spatial curvature
suppresses inationary phase.
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) > 0 and the strong en-













term, and the strong energy
condition is violated.
B. Numerical calculation
To check the result of the previous subsection, we solve eq.(13),(14) numerically. We
prepare the initial condition at pre-inationary phase. For simplicity, we consider only
t
0




. Parameter and initial value is m
2
= 0:5; (0) =
7;
_
(0) =  5; J(0) = 0 in  = 1 unit. The scalar curvature R(h) =  30; 0; 30. This value
is chosen to satisfy the condition (23). Fig.1 is a phase space diagram (;
_
). The solid
line is R(h) = 0, dotted line is R(h) < 0 and dashed line is R(h) > 0. The zeroth order
solution(R(h) = 0) has inationary phase from   6 to   1. For positive R(h), the
trajectory enters inationary phase with smaller  value(smaller H). For negative R(h),
the trajectory enters ination with larger  value(larger H). After entering ination, all
trajectories approaches attractor solution. Fig.2 is time evolution of the perturbation of
scalar eld . In Hubble time scale, its value approaches a constant value. Fig.3 shows the
co-moving Hubble radius. R(h) = 0 curve has a maximum at t  0:06 and after this time,
the system enters ination. The positive R(h) makes the co-moving Hubble radius larger




As we have shown, GE becomes good approximation in the inationary phase because the
perturbation goes to a constant value. If the initial inhomogeneity is not so large as to break
the approximation, we can use GE as a model to construct an inhomogeneous inationary
space-time. As is well known, a global structure of ination is very complicated because
of continuous creation of new inationary domain via quantum uctuation. We can grasp
these feature by using a stochastic approach [8{10], but this method does not incorporate
the information of geometry completely. GE can describe the space-time of ination whose





(x)) and choosing the time delay function t
0
(x) appropriately, we can construct
such a space-time as the solution of GE. We will discuss on this topics in a separated
publication [11].
Note: After this work has completed, we noticed that the paper [12]. They treat this
subject in the same context as ours. But they perform only numerical analysis and does not
derive analytic expression of perturbation.
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FIG. 1. A phase space diagram (;
_
). for R(h) = 0(solid line), R(h) > 0(dotted line) and
R(h) < 0(dashed line). R(h) = 0 solution enters ination at   6. For positive R(h), solution
enters ination with smaller  value and for negative R(h), solution enters ination with larger 
value.
FIG. 2. Time evolution of perturbation . Perturbation approaches constant value in Hubble
time scale.
FIG. 3. Time evolution of co-moving Hubble radius. System enters inationary phase at
t  0:06 for R(h) = 0 case. For positive R(h), co-moving Hubble radius at the onset of ina-
tion becomes larger. For negative R(h), co-moving Hubble radius at the onset of ination becomes
smaller.
11
